Stability and localization of the gravitational perturbations for a special brane system in Eddington-inspired Born-Infeld (EiBI) gravity were studied in [Phys. Rev. D 85, 124053 (2012)].
I. INTRODUCTION
It is known that Einstein's general relativity (GR) is a metric theory of gravity, and the gravitational action is given by the Einstein-Hilbert one
where G d the d-dimensional Newtonian gravitational constant, g = |g MN | is the determinant of the metric of spacetime g MN , R MN (g) is the Ricci tensor of that metric, and Λ is the cosmological constant. Several years after Einstein published his GR, Eddington introduced an alternative proposal for the gravitational theory in 1924 [1, 2] , called Eddington gravity. In this theory, only the connection Γ is the fundamental field and the action is given by
where b is a parameter with mass dimension −2, R MN (Γ) is the symmetric part of the Ricci tensor constructed solely from the connection Γ. Eddington's theory of gravity is equivalent or dual to Einstein's GR containing only a cosmological constant, but it is incomplete because matter is not included.
Later, inspired by Eddington's theory of gravity [1, 2] and Born-Infeld theory of electrodynamics [3] , some metric and Palatini Born-Infeld theories of gravity were presented for examples in Refs. [4] [5] [6] [7] [8] . Here, we are interesting in the Palatini theory in Ref. [5] [6] [7] [8] , which is called Eddington-inspired Born-Infeld (EiBI) gravity. This theory couples the matter fields in the conventional way. Instead of insisting on a purely affine action, EiBI gravity is based on a Palatini-type formulation, which means that the metric and connection are regarded as independent physical entities. The action is given by [5] [6] [7] [8] S(g, Γ, Ψ) = 1 8πGb
where λ is a dimensionless parameter with nonvanishing value in order for the field equations to have meaning when matter fields are absent (see Ref. [8] for the detail), Γ is the connection field independent of the metric, and S M (g, Ψ) is the matter action, in which the matter fields only couple to the metric. A key feature of EiBI theory is that it reduces to GR when matter fields are absent, but presents a different behavior from GR in the presence of matter fields. Similar to Born-Infeld theory of electrodynamics which removes the divergence of the self-energy of a point-like charge [3] , EiBI theory may avoid the cosmological singularities and some undesirable features of Einstein's theory [8, 9] . Therefore, this theory has been employed to investigate the relevant cosmological, astrophysical and other issues. For examples, the problem of dark matter and dark energy [10, 11] , the structure of compact stars [9, [12] [13] [14] , large scale structure formation [15] , cosmological perturbations of a homogeneous space-time [16] [17] [18] [19] [20] , black holes and strong gravitational lensing [21, 22] , observational discrimination from general relativity [23] , and the generalized gravities [24, 25] . Recently, it was found by Odintsov, Olmo, and Rubiera-Garcia that EiBI gravity can be naturally extended the following f (|Ω|) theory [26] :
whereΩ is the representation of Ω M N in matrix notation, and
It can be seen that EiBI gravity is the case of f (|Ω|) = |Ω| 1/2 . The authors focused on the family of theories f (|Ω|) = |Ω| n . Some interesting results were obtained. For example, the bouncing solutions persist in all the studied models (from n = 1 3 up to n = 10), and the dynamics of GR at lower curvatures for arbitrary values of n > 0 can be recovered smoothly [26] .
On the other hand, in the 1920s, in order to unify electromagnetism and Einstein's gravity, Kaluza and Klein (KK) first introduced the idea of extra dimensions and assumed that the electromagnetic field originates from a part of a five-dimensional metric tensor [27, 28] . The KK theory opens up a way to investigate higher dimensional theory. However, it had not been drawn enough attention until the developments of superstring theories in the late 1970s and 1980s. But in these theories, the size of extra dimensions is the order of the Planck length. So detecting the extra dimensions is hopeless. Subsequently, Akama, Rubakov, and Shaposhnikov proposed a remarkable braneworld scenario [29, 30] . In this scenario, our four-dimensional world is a braneworld or domain wall embedded in a higher-dimensional spacetime, where the extra dimensions can be infinite and so does not need to be compacted to the Planck scale. The idea of braneworld has attracted more and more attention after Arkani-Hamed-Dimopoulos-Dvali (ADD) model (with finite but large extra dimensions) [31, 32] and RandallSundrum (RS) model (with a finite of infinite extra dimesion) [33, 34] proposed in the late 1990s. These two models suggest that the standard model particles are trapped on a four-dimensional hypersurface (braneworld) by a natural mechanism, while gravity can propagate in extra dimensions. In RS model the brane is infinitely thin. So more realistic thick brane models have been taken into consideration [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . These ideas have appeared as the alternatives to solve some long existing problems, such as the gauge hierarchy and the cosmological constant problems [31] [32] [33] [34] . And, they may also provide us new perspectives to understand our Universe. For a review see Refs. [51] [52] [53] .
Generally, the configuration of a thick brane is decided by the scalar field, the gravity theory, and the ways of scalar-gravity coupling. With a same scalar field configuration but different gravity theories, the solutions of the brane can be different, vice versa. Hence, by investigating the braneworld models, we can make a deeper understanding not only on our four-dimensional world but also on different gravity theories. There are some investigations on braneworld models in modified gravities, see Refs. [54] [55] [56] for examples.
In Ref. [57] , a thick braneworld model in EiBI gravity with a background scalar field was investigated. A braneworld solution was obtained and the stability of gravitational perturbations was analyzed for a special model, where the authors considered a special relation between the scalar field φ(y) and wrap factor a(y): φ ′ (y) = Ka 2 (y). It was found that the gravitational zero mode is localized on the brane and hence the fourdimensional Einstein gravity can be recovered on the brane at low energy. The gravitational perturbations are stable for this special model [57] .
In this paper, we are interested in the stability problem of gravitational perturbations for a more general EiBI braneworld model. (The recent research in general relativity can be found in Refs. [58, 59] .) It will be shown that the gravitational perturbations are stable for this general model. We will construct two typical brane models as examples, one with inner brane structure and the other without. The first model is the generalization of the special model considered in Ref. [57] and can be solved analytically. It does not support brane solution with inner brane structure and there is no gravitational resonances. The second model leads to interesting brane solution with inner brane structure, in which the scalar field has the configuration of kink, double-kink, or antikink. This inner brane structure results in the gravitational resonances on the EiBI brane.
The paper is organized as follows. In Sec. II, we construct the five-dimensional brane models in Palatini EiBI gravity, and give the domain wall solutions for two explicit models. In Sec. III, gravitational fluctuations are investigated for the general flat braneworld models in EiBI gravity. Then, by using the Schrödinger-like equation satisfied by the gravitational fluctuations, we analyze the localization of the gravity zero mode and the quasilocalization of the massive gravity KK modes. Finally, the conclusion and discussion are presented in Sec. IV.
II. THE EIBI BRANE MODELS AND SOLUTIONS
Now, we construct the five-dimensional brane models in Palatini EiBI gravity [5] [6] [7] [8] 26] with the brane generated by a real scalar field φ. We mainly consider for simplicity the case of f (|Ω|) = |Ω| 1/2 , which corresponds to the action of the original EiBI gravity. The action is given by
where κ = 8πG 5 with G 5 the five-dimensional Newtonian gravitational constant. Note that in this paper we only consider Palatini EiBI gravity, for which the scalar field φ only couples to the spacetime metric g MN . In this case, one can show the conservation equation ∇ M T MN = 0 (here ∇ is compatible with the metric g MN ) and so the Einstein equivalence principle is satisfied.
In the Palatini formulation the connection Γ and the metric g MN are treated as independent fields. So, the field equations for Palatini EiBI gravity theory can be derived by varying the action (5) with respect to the metric field g MN and the connection field Γ P MN , respectively. The equations of motion can be written as follows:
where the energy-momentum tensor T MN is defined as the standard energy-momentum tensor:
with indices lowered by the metric g MN . Here q MN is an auxiliary metric and compatible with the connection Γ, i.e., Γ
is the Christoffel symbol of the auxiliary metric. Then with the use of Eq. (7), the first equation of motion (6) can be rewritten as
where we have considered |Ω|
The full action is taken as the EiBI action (5) with the matter part given by a scalar field:
where V (φ) is the scalar potential. Then, the matter field equation is given by
A complete set of equations of the theory are consisted of Eqs. (7), (8), and (10). The proof of their consistence can be found in appendix A.
In this paper, we are interested in the static flat brane with four-dimensional Lorentz invariance, for which the most general forms of the spacetime and auxiliary metrics read as [34] 
where a, u, and v are functions of the extra dimension coordinate y, and the background scalar field φ is also a function of y, to be consistent with the four-dimensional Poincaré invariance of the metric (11a). Here the function a(y) in the above metric is the so-called warp factor.
In the famous Randall-Sundrum brane model, it is given by a(y) = exp(−k|y|), and it is just the configuration that solves the gauge hierarchy problem [34] .
By considering the spacetime metric (11a) and the auxiliary metric (11b), the nonvanishing components of the Ricci tensor R MN (Γ) and the energy-momentum tensor T MN are given by
and
Then Eqs. (7) and (8) are reduced to
respectively, where the prime denotes the derivative with respect to the extra dimension coordinate y, and
The explicit equation of motion for the scalar field (10) is
Now we get five equations (14)- (16) for five functions u, v, a, φ, and V (φ). However, by substituting the expressions of the auxiliary metric functions u and v in Eq. (15) into Eq. (14), we finally obtain three equations for three functions a, φ, and V (φ).
Next, we will give the EiBI-brane solutions. The brane system is determined by the three variables a(y), φ(y), and V (φ), which obey Eqs. (14a), (14b), and (16). However, the three equations are not independent because of the conservation of the energy-momentum. So the system cannot be solved uniquely. Therefore, we need to introduce some relations between these variables or the assumption of the scalar potential V (φ). Since the differential equations (14) contain third-order derivative of the scalar field φ(y) and second-order derivative of the warp factor a(y), it is very difficult to solve them analytically with a given scalar potential V (φ).
In Ref. [57] , a relation between the warp factor and the background scalar field, φ ′ (y) = Ka 2 (y), was introduced and an analytic solution was found. In what follows, we will first introduce a generalized relation, φ ′ (y) = Ka 2n (y), and give the analytic solution. Then, we will put forward a new relation, φ
, and solve the equations of motion numerically.
With the expectation that the scalar is a kink solution, we assume the relation φ ′ (y) = Ka 2n (y) with K a constant parameter and n a positive integer, with which the potential can be derived from Eq. (16) as
where V 0 is the integral constant representing the scalar vacuum energy density. Then, substituting (17) into (15), we get
whereλ = λ + bκV 0 . It can be seen that the above expressions are very complex and the solution of the warp factor is hard to find. In order to get a simple solution, we takeλ = 0 by fixing the scalar vacuum energy density as V 0 = − λ bκ . Then, the auxiliary metric functions are reduced to
with α = (bκK 2 ) 2/3 . Now, substituting Eq. (20) into Eq. (14) yields
where the prime denotes the derivative with respect to y. The solution is
with
The function E in the solution (24) is an elliptic integral function. It can be seen that the scalar filed has the configuration of a kink with φ(±∞) = ±2Re(E(2))K/k = ±1.19814K/k ≡ ±v 0 . The positive K corresponds to the kink solution and the negative to the anti-kink. In this paper we only consider the kink solution. When n = 1, the solution given in (23) and (24) is reduced to the one found in Ref. [57] :
)).
For the above solution, the scalar potential (17) reads as
From the relation φ ′ (y) = Ka 2n and (17), we have ∂V ∂φ = 2(n + 2)Ka 2n−1 a ′ and
Then, with the expression of the warp factor (23), it is easy to show that ∂V ∂φ = 0 and
∂φ 2 > 0 when φ = ±v 0 . Therefore, φ(±∞) = ±v 0 are the two vacua of the scalar potential, and the scalar field with kink configuration connects the two vacua. This is the same as the thick Randall-Sundrum brane world scenario in the frame of general relativity.
To check if the above system describes a thick brane world scenario, we calculate the energy density of the system, which is defined as ρ = T MN U M U N − V 0 with U M the velocity of the static observer. It is given by
which indeed denotes a thick brane world located around y = 0. The thickness of the brane can be approximated as d = 1/k = 3b(4n + 3)/(2n). For n = 1 we have d = √ 21b/2, while for large n we can write d = 3b/n. Hence, the brane becomes thinner with the increase of the parameter n. The behavior of the solution with different n is shown in Fig. 1 .
As is well known, in Einstein's gravity, the kink configuration of a scalar field will result in an asymptotic AdS spacetime. Now we analyze the asymptotic structure of the five-dimensional spacetime in EiBI gravity theory considered in this section. With the warp factor (23) and the functions of the auxiliary metric (20) , the Ricci scalar curvature reads as
from which, we have R(y → ±∞) → −5/b < 0. It means that the bulk spacetime is asymptotically AdS at the boundary of the extra dimension. This is consistent with the brane configuration that matter mainly distributes on the brane and AdS vacuum left far away from it. 
For the purpose of constructing a double-kink solution, we suppose
with K 1 and K 2 real parameters. Then, Eq. (16) can be easily solved as
where
andλ = λ + bκV 0 . With the same trick, we also fix the integral constant V 0 by settingλ = 0 to simplify the calculation, namely, V 0 = − λ bκ . Then, the auxiliary metric can be simplified as
v(y) = (α/6)
where the parameter α = bK 2 1 κ. Equation (14) can be solved numerically with the following initial conditions:
We then study the behavior of the warp factor a(y) and scalar field φ(y) around y = 0. To this end, we expand the warp factor as a(y) = 1 + py 2 + O(y 4 ), which satisfies the conditions given in (37) . Then from the relation (30), we have φ
. Substituting these expanded form into Eqs. (14) and solving them at the lowest order, we get
The parameter K 1 is fixed by the equations of motion, and K 2 is a free parameter. For positive and negative b, α takes the positive and negative solutions, respectively. The two solutions of K 1 in fact correspond to the kink and anti-kink configurations of the scalar φ(y), and both of them describe the same one system. In this paper, we only consider the positive solution for K 1 without loss of generality. So φ ′ (0) = K 1 (1 − K 2 ) is positive for K 2 < 1 and negative for K 2 > 1. On the other hand, note that a ′′ (0) is always negative for any K 2 = 1. Hence, K 2 = 1 is a critical point. When |y| → ∞, the asymptotic solution for the wrap factor is
Here we need b > 0 in order to have the exponentially decreasing function, which is a very important feature of Randall-Sundrum brane world model and is related to the localization of four-dimensional gravity.
The shapes of the solutions are shown in Fig. 2 . It can be seen that the wrap factor and energy density become fatter first and then thinner with the increase of K 2 , or more accurately, they become fatter when K 2 → 1. Correspondingly, the scalar field has a single kink configuration when K 2 far away from the first critical point K (c1) 2 = 1 and has a double kink configuration when
However, the shapes of the scalar field around the origin of the extra dimension is largely different from the case in GR, and they are not the standard double kink solutions. Note that the scalar field has an anti-kink configuration for large positive K 2 , which can be analyzed from the numerical solution of a(y) and the expression φ(y) = K 1 y 0 a 2 (y) 1 − K 2 a 2 (y) dy derived from the relation (30) . For large enough K 2 , the integrand will be negative in some region such that the integral from 0 to ∞ would be negative. From this analysis, we can conclude that there exists the second critical point of
, which is larger than 1 and decided by the parameters κ, b, and λ. When
we always get the kink solution, and when
we get the anti-kink one. When
, we get a critical kink solution with φ(0) = 0, φ ′ (0) < 0, and φ(±∞) = 0, see Fig. 3(a) . Besides, we also give the relation between φ(+∞) and K 2 in Fig. 3(b) , from which we can see that φ(+∞) increases with K 2 when K 2 < 1 − δ 1 or 1 < K 2 < 1 + δ 2 , where δ i are some positive constants decided by the parameters κ, b, and λ. However, it decreases with K 2 when 1 − δ 1 < K 2 < 1 or K 2 > 1 + δ 2 . Note that there are two zero points for φ(+∞). The first one is at K 2 = 1, for which the solution is trivial (a(y) = 1, φ(y) = 0) and does not denote a brane system. The second one is at
III. LOCALIZATION OF GRAVITY
In a brane model, the stability of the system under the perturbations of the spacetime metric and whether matter fields as well as the tensor zero mode of the metric perturbations can be localized on the brane are two important issues. Generally speaking, the four-dimensional massless graviton should be localized on the brane in order to reproduce the familiar four-dimensional Newtonian potential.
The stability problem of the tensor fluctuations of the brane metric has been investigated in Ref. [57] only for the special model of φ ′ (y) = Ka 2 (y). Here, we will generalize the result of Ref. [57] to a general model. Now, we consider the tensor fluctuations of the space- time metric and auxiliary metric:
where h µν and γ µν represent respectively the tensor fluctuations of the background spacetime metric and auxiliary metric, and they are transverse-traceless (TT), i.e. η µβ ∂ β h µν = 0 and h≡η µν h µν = 0, so does γ µν . For the tensor perturbation, the scalar field fluctuation is decoupled and the perturbation equation is
where ( 
Further, by making the KK decomposition of h µν as where
is a function which cancels the first derivative of H(z) in order to form the Schrödinger-like equation. Inserting Eq. (44) into Eq. (43), we can get the following two equations
Equation (46) is the Klein-Gordon equation for the fourdimensional massless (m = 0) or massive (m = 0) graviton, while Eq. (47) is the equation of motion for the KK modes, which is a Schrödinger-like equation with the effective potential U (z) given by
Equation (47) can be rewritten as the supersymmetric form
As the operator L † L is hermitian and positive definite, this ensures that m 2 0 and so m is real. Thus, there is no tachyonic KK mode and it is possible to obtain a normalizable zero mode solution, which is responsible for gravity localization. By setting m = 0 and solving Eq. (47), we get the zero mode
Here N 0 is a normalization constant. The integration of the zero mode is expressed as
Now we need to know whether the tensor zero mode is normalized on the brane for a general model. To this end, we need to analyze whether the above integration is convergent. It is not hard to see that the brane should be embedded in an asymptotic AdS spacetime, for which the asymptotic solutions of the scalar field and scalar potential are respectively φ(y → ±∞) → v 0 and V (y → ±∞) → V 0 , where v 0 and V 0 are the vacuum expectation value of the scalar and a five dimensional cosmological constant. Considering these asymptotic behaviors as well as Eq. (15), we obtain u(y → ±∞) ∝ a 2 (y) and v(y → ±∞) ∝ c with c a positive constant. As a result, the normalization condition reduces to a 2 (y)dy < ∞. The asymptotic solution of the wrap factor is a(y → ±∞) → e −k0|y| for an asymptotic AdS spacetime, where k 0 is a positive constant. Since the integral e −2k0|y| dy is convergent, the tensor zero mode can be localized on the brane embedded in an AdS spacetime.
In the following two subsections, we will investigate the localization of the gravity zero mode and the quasilocalization of the massive gravity KK modes for the brane solutions considered in previous section, respectively.
A. Localization of the gravity zero mode
For model A, from Eqs. (20a) and (45), we have
Then, the potential U (z) is read as
and the Hamiltonian can be factorized as
The zero mode is
where the normalization constant N 0 is fixed by the normalization condition H 2n + 1
So, the gravity zero mode is localized on the brane and the four-dimensional gravity can be indeed recovered. Next we consider model B. With Eq. (32a), we have
Inserting the above f (z) into Eq. (48), we can get the effective potential for model B: 
where, C 0 is a normalization constant. For the brane solution (39) obtained in the previous section, it is easy to check that the corresponding gravity zero mode for model B is normalizable: H 2 0 (z)dz < ∞. Figure 4 shows the shape of the zero mode, and it shows that the zero mode is localized on the brane. In this subsection, we mainly analyze quasilocalization of the massive gravity KK modes in model B. Figures 5(a) , 5(c), 6(a), and 6(c) show the effective potentials U (z) for the KK modes of the tensor fluctuations with K 2 = −2, K 2 = 0.99, K 2 = 1.01, and K 2 = 2, respectively. Analyzing the shapes of the effective potentials inspires us to investigate the possibility of gravity resonances with the relative probability method presented in Ref. [60] for fermions. The gravity resonances are those massive KK modes corresponding to peaks in the relative probability P (m 2 ) as a function of the mass square of the gravity KK modes [60] :
Here 2z b is approximately the coordinate width between the two maxima of the potential U (z) and z max is set to z max = 10z b . It is obvious that when m 2 ≫ U max (U max is the maximum value of U (z)), the KK mode is approximately plane wave and hence the value of P (m 2 ) is of about z b /z max = 0.1. Note that, one can also use other methods used in Refs. [61] .
We investigate the massive KK modes of gravity by solving Eq. (47). From Fig. 5 , we see that when K 2 = −2 and K 2 = 2 there is no any peak for the massive KK modes of gravity. The further numerical calculation shows that there is no gravity resonance when K 2 is far away from its critical value 1. Figure 6 shows the effective potential U (z) and relative probability P (m 2 ) of the gravity KK modes with 
Here, we only count the resonances whose mass m satisfies m 2 < U max , where U max is the maximum of the effective potential. The shapes of the first several KK resonances H n (z) (n = 1, 2, 3, 4) are plotted in Figs. 7 and 8 for K 2 = 0.99 and K 2 = 1.01, respectively. It can be seen that those modes with lower resonances mass look like bound KK modes, and they are also called quasibound modes. Note that we can take the n = 0 level mode H 0 (z) as the four-dimensional massless graviton, which is the only one bound state. Comparing Fig. 6(a) and Fig. 6(c) , we find that the number of the resonances increases with the width of the potential well.
IV. CONCLUSIONS AND DISCUSSION
In this paper, we investigated the localization and resonances of gravity in the EiBI-brane system. A general equation of motion for the gravitational fluctuations was obtained for the general bane model. This equation was converted to a Schrodinger-like equation, and the corresponding Hamiltonian could be factorized and the zero mode was also analytically solved. It was shown that the tensor perturbations are stable and the gravitational zero mode can be localized on the brane for the general brane system. By assuming a restriction φ ′ (y) = Ka(y) 2n , i.e., a generalized relation based on Ref. [57] , we obtained an analytical solution of the wrap factor and background scalar field. As y → ±∞, the scalar approaches ±v 0 , which is indeed a kink solution with ±v 0 corresponding to the two vacua of the potential. The thickness of the brane decreases with the parameter n. The brane is embedded in a five-dimensional AdS spacetime.
Furthermore, a relation φ ′ (y) = K 1 a(y) 2 (1 − K 2 a(y) 2 ) was investigated as another example. The parameter K 1 is fixed as K 1 = ± α bk by the equation of motion, and K 2 is a dimensionless free parameter. Without loss of generality, we considered four different cases of K 2 : K 2 = −2, 2, 0.99, 1.01. It was demonstrated that, the scalar field has a single kink configuration which corresponds to a single brane without inner structure when K 2 is far away from the first critical point K (c1) 2 = 1, and has a double kink configuration which corresponds to a flat brane with inner structure when K 2 → 1. There also exists the second critical point of K 2 , i.e., K (c2) 2 , which is larger than 1 and decided by the parameters κ, b, and λ. The solution of the scalar is always a kink when K 2 < K (c2) 2 , and it is an anti-kink when K 2 > K (c2) 2 . For the second model, the effective potential in the Schrödinger-like equation for gravitational fluctuation may have an interesting inner structure: a volcano-like shape with two potential wells. Such potential structure results in a massless mode (zero mode or fourdimensional massless graviton) and a set of continuous massive modes, and may lead to some discrete resonant KK modes. It was found that there is no resonance when the brane has no inner structure. While, the resonances will appear when K 2 → 1, for which the brane and hence the effective potential will have inner structure. The number of the resonances increases with the width of the potential well.
The localization of fermion on the brane is an important and interesting question. In order to localize fermion on the brane, we usually need to consider the Yukawa coupling between the fermion and the background scalar field. In our models, the scalar field has kink, double kink, or anti-kink solution. So we expect that the localization of fermion on the EiBI brane can present some appealing features. This leaves for our future research.
